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We study Coulomb drag between an active layer with a clean electron liquid and a passive layer
with a pinned electron lattice in the regime of fast intralayer equilibration. Such a two-fluid system
offers an experimentally realizable way to disentangle the fast rate of intralayer electron-electron
interactions from the much slower rate of momentum transfer between both layers. We identify an
intermediate temperature range above the Fermi energy of the electron fluid but below the Debye
energy of the electronic crystal where the hydrodynamic drag resistivity is directly proportional to a
fast electron-electron scattering rate. The results are compatible with the conjectured scenario for
strong electron-electron interactions which poses that a linear temperature dependence of resistivity
originates from a “Planckian” electron relaxation time τeq ∼ ~/kBT . We compare this to the
better known semiclassical case, where the diffusion constant is found to be not proportional to the
microscopic timescale.
Introduction — Hydrodynamic transport in interac-
tion dominated electron liquids has emerged as a tan-
talizing testing ground for non-Fermi liquid phenomena.
To characterize this transport regime, a conjecture has
attracted attention which relates the diffusion constant
to a yet to be determined microscopic velocity v and
equilibration time τeq,
D ∼ v2τeq. (1)
While such a relation follows trivially from a Drude-type
model for diffusive transport, a version for interaction
dominated systems was first formulated for certain holo-
graphic approaches and in a number of strongly correlated
model systems [1,2]. In these instances, Eq. (1) presents a
lower bound for the momentum diffusivity. More recently,
the same kind of phenomenology was put forward as a
universal signature of hydrodynamic transport in systems
where the momentum of a quasiparticle is much longer
lived than its energy [3]. In this context, Eq. (1) has
been considered as a upper bound on momentum diffusiv-
ity. While both cases involve very different microscopic
mechanisms, they have in common that the microscopic
quantities v and τeq remain hard to pin down theoretically.
A related conjecture for the electrical resistivity in
strongly interacting systems reads [4]
ρ =
1
χ
1
v2
1
τeq
∼ T, (2)
where left equality defines the resistivity ρ by use of the
charge susceptibility χ. At low temperatures, χ and v are
independent of temperature. The linear-T dependence of
the resistivity, observed in many strange metals [5,6] is
therefore frequently associated with an equilibration time
of the order [7,8]
τeq ∼ ~
kBT
. (3)
Both conjectures for diffusivity and resistivity are ex-
pected to hold in an intermediate temperature regime,
where electron-electron interactions prevail over other re-
laxation channels. At lower temperatures, they do not
hold because the electron-electron scattering rate τ−1ee de-
creases and eventually becomes smaller than the disorder
scattering rate τ−1dis . Similarly, at high enough tempera-
tures other relaxation channels like umklapp scattering or
electron-phonon interactions become important. It is not
known whether either relation, Eq. (1,2) can be derived
given the other [9].
Microscopically, the resistivity as suggested by Eq. (2)
was successfully constructed for a Fermi liquid with long
wavelength spatial inhomogeneities [10], which fulfills the
criteria for hydrodynamic transport. It is also known that
some multi-band models which have both heavy and light
bands yield ρ ∼ τ−1eq even in the Fermi liquid regime of
weak interactions [11]. As an important counterexample,
hydrodynamic Coulomb drag between two layers of a
quantum critical metal was shown to produce a dissimilar
temperature dependence [12].
A number of models are known to give rise to the
phenomenology of Eq. (2) by strongly coupling fermions
to phonons [13,14], or to SYK-fermions [15,16]. In these
cases momentum dissipation happens through strong umk-
lapp scattering at rates comparable to energy relaxation
so that transport is not hydrodynamic. However, these
models have exposed a number of candidates for the micro-
scopic content of the velocity v in Eq. (1). Among them
are the Fermi velocity vF , sound velocity vs, operator
growth velocity vLC or butterfly velocity vB. More re-
cently it was argued that it is the largest of these velocities
which sets the timescale [9,17].
Despite these efforts, it is still largely unknown whether
a simple one-band Fermi liquid can reach a universal
regime of transport, and which microscopic quantities con-
stitute v and τeq in this case. At the heart of the problem
lies the fact that a substantial electron-electron interac-
tion simultaneously decreases quasiparticle lifetimes and
increases screening length, thus producing complicated
retardation effects. The problem is essentially intractable
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2Figure 1. Bilayer setup with unequal layers. In the lower layer
interacting electrons with lifetime τee carry a current. In the
upper layer, separated by a distance d, an electronic lattice
acts as a phonon bath which dissipates momentum within τdis.
Between both layers, momentum and energy is exchanged by
Coulomb interaction with a timescale τD.
unless these effects can be disentangled.
In this letter, we suggest a Coulomb drag experiment
using a Wigner crystal to achieve such a scale separa-
tion, which allows for a tunable control of the momentum
relaxation rate compared to the electron-electron scatter-
ing rate for strongly interacting, clean Coulomb liquids.
We address in particular how energy and momentum re-
laxation are related in this setup in the absence of fast
extrinsic relaxation mechanisms, where the electron liquid
is instead thermodynamically coupled to a bath. On the
technical side, we put forth a self-consistent formalism uti-
lizing recent developments regarding hydrodynamic drag
in the framework of a Boltzmann-Langevin kinetic equa-
tion [18,19]. While this framework remains perturbative
in terms of the absolute interaction parameter rs, it can
be employed to explore the essentially unscreened limit at
low electron density. The results presented here show that
the parameter regime where temperature, Fermi energy
and interaction strength are comparable is not entirely
inaccessible, as it was previously thought [20,21].
The main ingredient is to spatially separate the current-
carrying electron fluid from its source of dissipation by a
distance d, thereby introducing a scale separation between
momentum conserving electron-electron scattering and
dissipative scattering, which however both arise from the
same Coulomb interaction. The active layer (index 1) is a
clean metal with low carrier density which carries a current
j1. The passive layer (index 2) is a pinned Wigner crystal
in which momentum transport by fermionic quasiparticles
is prevented. Importantly, by using electronic lattice
excitations as a phonon bath, we evade the complicated
electron-core interactions which normally apply for atomic
acoustic phonons [22].
The proposed system allows to investigate an aspect of
Eq. (2) which was only little discussed so far [23]. If the
electron liquid is heated above the Fermi energy (T > EF ),
the occupied density of states χ(T ) decreases with T−1
while the thermal velocity v(T ) increases like T 1/2. The
product χ(T )v2(T ) thus remains constant. At low densi-
ties, where the bare interaction scale is substantially larger
than EF , it is therefore reasonable not only to expect that
Eq. (2) holds also at T > EF but more importantly that
the resistivity still shares the temperature dependence of
the microscopic scattering rate.
We test this hypothesis in the Coulomb drag scenario for
a large Debye energy ED and for temperatures EF < T <
ED, a mostly unexplored parameter regime also known
as the semiquantum regime of transport [20]. Given some
mild assumptions we indeed find an expression reminiscent
of Eq. (2) in this regime. For this reason, we suggest to
search for genuine Planckian transport at temperatures
EF < T < ED where the strongly interacting liquid itself
is non-degenerate and the momentum is dissipated into
a weakly coupled degenerate bath. For comparison, at
lower temperatures the degenerate electron liquid is found
to not conform to the proposed form of Eq. (2).
It is important to note that a linear temperature depen-
dence due to hydrodynamic effects has been put forward
a long time ago for thermal transport in three dimen-
sional neutral liquids [24,25]. However, for charge trans-
port the relation between thermodynamic quantities and
transport coefficients is qualitatively dissimilar due to
screening [4,21].
Model — Coulomb drag in a bilayer system is a well
studied, sensitive probe for electronic correlations [26].
The two layers contain electrons of effective mass mi
and density ni. For definiteness, the active layer obeys
a generic quadratic dispersion with a Fermi energy EF ,
Fermi velocity vF ; at high temperatures the average ther-
mal velocity is v1(T ). The Wigner crystal supports acous-
tic phonons with dispersion ωq =
√
v2sq
2 + ω20 , where vs
is the phonon velocity and ω0 → 0 the pinning potential,
which we set to zero in the end. It was shown previously
for such a setup that a small density of impurity sites
yields a finite drag resistivity which is independent of
disorder, up to logarithms [27]. It is therefore justified
to assume τdis to be the largest timescale and still posit
a steady state solution for the kinetic equation. The
screening wavevectors are κi = 2piνie
2/i, where νi is the
density of states at T = 0 and i is the dielectric constant
in each layer 1 and 2. Throughout, we set ~ = kB = 1.
If the mean free path in the active layer is short com-
pared to the layer separation (v1τeq < d), Coulomb drag
is dominated by collective (hydrodynamic) modes. It was
recently argued that the drag resistivity is then given by
an RPA-like expression [19,28,29]
ρD
ρQ
=
β
24n1n2
∫
dω
∫ ∞
0
dqq3e−2qd
sinh2(βω/2)
× Im Π
−1
1 Im Π
−1
2∣∣∣ 1−e−2qd|V0|−1 − (Π−11 + Π−12 ) + |V0|−1Π−11 Π−12 ∣∣∣2 ,
(4)
3where β = T−1 is the inverse temperature, Πi is the
charge susceptibility in each respective layer and ρQ =
e2/2pi. The bare Coulomb interaction is V0 = −2pie2/q.
While expression Eq. (4) is perturbative in the interlayer
Coulomb interaction, the quasiparticle scattering rate
which enters the kinetic equation can be large. Addi-
tionally, there is no restriction for the static screening
length. In the following we use Eq. (4) to calculate the
interlayer resistivity for intermediate temperatures. Com-
pared to examples of hydrodynamic drag in symmetric
setups [12,18], the present system is in a regime where
Im Π−11  Im Π−12 , which to our knowledge has not been
investigated previously.
The charge susceptibility relates fluctuations in the elec-
tric potential φ to charge fluctuations δn = −eΠφ. In the
long wavelength limit the susceptibility in the active layer
1 is uniquely determined by imposing charge, momen-
tum and energy conservation. To this end, we split the
nonequilibrium part of the distribution function into two
pieces, the quickly decaying fluctuations δf not protected
by any conservation laws and a slow, diffusive part fh.
The collision integral can likewise be decomposed. Firstly
there are the frequent intralayer collisions (τ−1ee ), which
respect charge, momentum and energy conservation but
shuffle energy and momentum between single-particle ex-
citations. Secondly, infrequent interlayer scattering (τ−1D )
move momentum and energy from one layer to the other.
This scale separation τee  τD guarantees that fh decays
much slower than δf in layer 1. For the same reason, the
microscopic lifetime τeq = τee is known. In the relaxation
time approximation, the linearized collision integral for
the active layer thus becomes I1(fp) ≈ −δf/τee.
In the passive layer 2 the momentum is stored in the
form of electronic lattice vibrations. The momentum is
scattered back into the first layer with the same rate τ−1D .
Additionally it relaxes due to extrinsic effects with rate
τ−1dis , which will be neglected when possible.
Instead of using susceptibilities, the electronic re-
sponse at intermediate temperatures has sometimes been
discussed in terms of a semi-classical scattering cross-
section [30]. However, even at the highest temperatures,
far above the regime studied here, a two-dimensional elec-
tron gas does not approach a classical limit [31]. For
this reason, the hydrodynamic formulation with collective
modes seems more appropriate.
The role of collective modes in the hydrodynamic regime
has been thoroughly examined [19,32], with the conclusion
that a plasmon pole approximation can indeed capture
the electronic response at fast frequencies. By enforcing
conservation laws at short times, we find for temperatures
EFβ  1 [31]
Π1 = ν1
(
m1ω
2
EF q2
− 1
α
2− 3iωτee
1− iωτee
)−1
. (5)
where α = EFβ. This susceptibility captures both the
decrease of static screening with increasing temperatures
Figure 2. Poles of the interlayer susceptibility in the q-ω plane.
(a) If T > EF , the dispersions of the pole lines are linear
at the frequency cutoff. (b) For T < EF , the dispersion is
instead dominated by the small-q part. The dashed black line
is the frequency cutoff. Parameters are τee = 1, vs = vF = 1,
κ1 = κ2 = 1 and β = 0.25 (β = 4) for (a) and (b), respectively.
and the enhanced damping rate of collective charge fluc-
tuations. At low temperatures (βEF  1), the intralayer
susceptibility retains the same form, but with α = 2 [19].
The damping term which appears in Eq. (5) is qualita-
tively different for ωτee ≷ 1. Depending on the dominant
frequency cutoff for ω in the drag resistivity [Eq. (4)],
either case of this inequality may be realized.
The pinned electron lattice behaves like a clean and stiff
dielectric with a long lifetime of the lattice excitations.
We thus take for the charge susceptibility the standard
form
Π2 = ν2v
2
s
(
(ω + iδ/2)2 − ω2q
q2
)−1
, (6)
where δ = 1/2τD. The coefficient is chosen such that in
the absence of pinning, the static susceptibility matches
the electron liquid, Re Π2(ω = ω0 = 0) = ν2. More
sophisticated response functions can easily be included,
but they do not change the basic physics at play here.
Results — To extract the intrinsic hydrodynamic limit,
we assume the interlayer separation to be larger than the
mean free path v1τee in the active layer, but smaller than
the coherence length vsβ of the phonons in the passive
layer. Importantly, there is always a range of distances
where this is the case as long as vs > v1 because τee
is at least of size β. This range of parameters can also
be viewed as the expansion of the drag formula when
screening is ineffective (κd 1), which is a result of the
low electron density. The location of the poles which
appear as the zeros of the denominator in Eq. (4) depend
on a few parameters, the quasiparticle velocity v1, the
phonon velocity vs and for high temperatures on β (Fig. 2).
Importantly, if the phonon velocity is vs > v1, the poles
are approximately located at ω = vsq and ω = v1q.
Inserting the respective susceptibilities into Eq. (4)
4yields in the limit βEF  1 [31]
ρD
ρQ
=
pi
72
κ1κ2EF
n1n2v2s
1
τee
log
(
1 +
9τ2eev
2
s
4λ2
)
. (7)
Here, λ = max(k−1D , d, vsβ). For EF < T < ED, λ = vsβ
and the logarithm contains a large argument so that
ρD
ρQ
=
pi
36
κ1κ2EF
n1n2v2s
1
τee
log
(
τee
β
)
. (8)
We emphasize that the upper limiting temperature for
this regime is not set by the Debye energy as in weakly in-
teracting systems but by the condition ED ≈ τ−1ee , which
depends on the microscopic properties of both layers to-
gether.
In a regime of Planckian intralayer scattering rates
(τee ∼ β), Eq. (7) yields a resistivity linear in T , without
logarithmic corrections. Taking the simplifying assump-
tion that the electronic density is the same for both layers,
which is possible by tuning the dielectric properties, the
result closely resembles Eq. (2),
ρD
ρQ
= C 1
ν1
r2s
v2s
1
τee
. (9)
The coefficient C is not universal, it takes a value C = pi218
given identical dielectric constants in both layers. Remark-
ably, we recover the T = 0 static charge susceptibility ν1
and a renormalized velocity vs/rs. Due to this effective
diffusion velocity vs/rs, the drag resistivity is not bounded
for electron liquids with large rs, but can increase with
arbitrary slope. The latter is a result of the perturbative
approach with regards to the interlayer interaction and
breaks down once vs/rs ∼ v1.
We now turn to the more familiar situation where
ED < EF . For a simple electron liquid, this condition is
compatible with vs  vF . Further taking the screening
wavevectors κ1 and κ2 to be smaller than the momentum
cutoffs and the phonon scattering rate δ to be small com-
pared to the frequency cutoff, the integration yields [31]
ρD
ρQ
=
pi
16
√
κ1κ2vsm1
n1n2βEF
√
δτeeλ
−2
1 +
√
1 + τ2eeEF /m1λ
2
(10)
with the same distance parameter λ as before. We point
out that the simplified result of Eq. (10) used here for
clarity contains all the essential ingredients which carry
over to the more complicated case where the intricate
parameter dependences are kept [31].
Remarkably, the phonon scattering rate δ enters ex-
plicitly in Eq. (10), a result of the smaller momentum
space available at low temperatures. As discussed ear-
lier, this phonon lifetime is bounded by the interlayer
scattering time τD, which itself enters in the definition
of ρD. We therefore need to calculate this lifetime self-
consistently from Eq. (10). In the disorder dominated
case, the momentum relaxation rate τ−1D would simply
serve as the definition of the Drude resistivity ρD, making
their relationship straightforward. While this is no longer
necessarily true in the hydrodynamic limit, for the small
driving current discussed here we can at least expect a
laminar flow. Using a suitably defined interlayer mass
parameter mD and density nD, which depend on the mi-
croscopic details of the system, the drag resistivity can
then be written as ρD = mD/e
2nDτD. Given this approx-
imation, the self-consistent solution is straightforward,
with the result for τ2eeEF /m1  λ2 being
ρD
ρQ
=
pi3
28
nDκ1κ2m
2
1v
2
sk
4
D
n21n
2
2mDE
2
F
τee
β2
, (11)
In this result, the temperature only enters in the combi-
nation τee/β
2, making the hydrodynamic drag resistivity
a sensitive probe for the intralayer electron-electron scat-
tering rate. In particular, in a Fermi liquid where the
quasiparticle lifetime follows τee ∼ β2 we obtain resis-
tivity saturation for the drag. Similar to the previous
finding, the crossover to highly correlated flow happens
not precisely at temperature ED but at τeevF kD  1, a
combined quantity which contains properties of both drag
layers. Importantly, this threshold is identical with the
Mott-Ioffe-Regel limit for the scattering time [33]. Under
the assumption that the electron liquid is constrained by
the Planckian bound at these intermediate temperatures,
inserting a microscopic quasiparticle lifetime τee ∼ β into
Eq. (11) would result in a linear-T dependence of the
drag resistivity. However, contrary to the semiquantum
regime, the resistivity is not proportional to the micro-
scopic scattering rate as proposed in Eq. (2), but instead
proportional to its inverse, the scattering time. We con-
clude therefore that the momentum diffusion constant
entering the drag resistivity cannot be associated with
a form D = v2τeq such that the right hand side has an
obvious microscopic interpretation.
Since ρD ∼ τee, increasing the electron-electron interac-
tion will reduce the drag resistivity, which demonstrates
how strong but momentum-conserving interactions can
result in a scale separation of energy and momentum re-
laxation rates without invoking umklapp scattering. In
this scenario, the resistivity will contain an unusually
small T 2-dependence compared to the leading coefficient
of the thermal resistivity originating from the much faster
quasiparticle relaxation rate. This entails is a reduced
Lorenz number and a deviation from the Wiedemann-
Franz law [34,35].
Finally, we discuss limitations of the hydrodynamic
regime presented above. By construction, the fluctuation
induced momentum exchange between both layers does
not induce a finite macroscopic velocity of the phonons in
the passive layer, but merely leads to a resistance in the
active one. Not covered hereby is the extreme case where
the second layer stores momentum essentially indefinitely,
such a breakdown of the steady state occurs if the disorder
5mean free path exceeds the sample size. Likewise excluded
are resonances between both liquids which would lead to
phonon drag.
In the opposite case where the shortest timescale is due
to disorder instead of interactions the collision integral
relaxes all fluctuations with the rate of disorder scattering.
This results in the more familiar ballistic/ohmic behavior.
For example, at low temperatures the T-dependence of the
drag resistivity is ∼ T 4, but in this case no dependence
on τeq enters the drag formula [27,31].
Conclusions — We suggest a Coulomb drag experi-
ment using a Wigner crystal to sensitively diagnose the
electron-electron scattering rate for strongly interacting,
clean Coulomb liquids. For temperatures ED < T <
EF , we predict resistivity saturation given conventional
electron-electron dominated quasiparticle lifetimes and
a linear-T resistivity proportional to the quasiparticle
lifetime for the proposed Planckian regime of strong in-
teractions. In the semiquantum case with EF < T < ED,
interlayer drag is instead proportional to the quasiparticle
scattering rate, with an effective momentum diffusion
constant which closely resembles the form obtained from
holographic methods. In either situation, the momentum
conserving electron-electron interaction becomes the rele-
vant time scale for charge transport, but in a distinctly
different fashion.
The mechanism put forth here might play a role in a
number of low density materials with small Fermi pockets.
A timely example are anisotropic Weyl semimetals, if
their chemical potential is not too close to the critical
point. For example, the charge transport in WP2 was
measured to obey a Planckian scaling for an intermediate
temperature regime [36], however we caution that it is
presently unclear whether the relevant electron-electron
processes are mostly two-dimensional.
The Coulomb drag geometry could also be useful to
map out the temperature dependence of the quasiparticle
lifetime over a much wider temperature regime, which
was suggested to be non-monotonic [37].
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7SUPPLEMENTARY MATERIAL
In this supplementary material, we give additional details for the calculation of the hydrodynamic Coulomb drag, in
particular writing out some intermediate steps in the calculation of the interlayer susceptibility. Our results can also
be connected to the ballistic/ohmic regime, revocering the findings reported in the literature [27]. We briefly discuss
the absence of a semiclassical limit for Coulomb scattering in two-dimensional electron liquids.
Electron susceptibility
Hydrodynamic drag is dominated by the collective modes of the Coulomb liquid and the Wigner crystal in layer 1
and 2, respectively.
At temperatures T > EF , in the distribution function the temperature dependence of the chemical potential has to
be taken into account. For a dispersion (k) = k2/2m− µ = k2/2m− µ(β) and fixed electron density n = k2F /2pi, the
chemical potential µ is determined by the condition
n =
2
2pi
∫ ∞
0
k dk
1 + eβ(k2/2m−µ)
(A.1)
=
log(1 + eβµ)
piβ/m
(A.2)
eβµ = eβEF − 1, (A.3)
where EF = pin/m and the factor 2 accounts for both spin species.
The calculation of the susceptibility follows along the lines of [19]. The kinetic equation is given by
(iq · v − iω)∆f(q,p, ω) + ieφ(q, ω)q · v∂f(q,p, ω) = −∆f(q,p, ω)− fh(q,p, ω)
τee
. (A.4)
Here, f(q,p, ω) is the distribution function in Fourier representation and φ(q, ω) is the electrical potential. For sake
of brevity, let τee = τ and f(q,p, ω) = f . As explained in the main text, the complete non-equilibrium part of the
distribution function is ∆f , the long-lived modes are fh and the fast decaying part is simply the difference of the two.
We extract the hydrodynamic part of the susceptibility at EFβ  1 by imposing particle, momentum and energy
conservation for the collision integral at short times,∫
d2p
(2pi)2
(∆f − fh) = 0 (A.5)∫
d2p
(2pi)2
p(∆f − fh) = 0 (A.6)∫
d2p
(2pi)2
(− µ)(∆f − fh) = 0. (A.7)
The long lived non-equilibrium part of the distribution function fh correspondingly carries three modes,
fh = −∂f
(
ρ−1δn+mu · v + βδT (− µ)) , (A.8)
where δn are charge fluctuations, u the flow velocity and δT temperature fluctuations. The non-equilibrium distribution
function ∆f is determined from the kinetic equation
∆f =
τ−1fh − ieφq · v∂f
iq · v − iω + τ−1 . (A.9)
Inserting these definitions into Eq. (A.5-A.7) the resulting system of equations is
I0δn+ βE1ρδT = A0ρeφ+ δn∆0 + β∆1ρδT − i A0
q2τ
ρmuq (A.10)
nuq = i
1− iωτ
τ
A0ρeφ− iA0
τ
δn− iβ
τ
A1ρδT +
1− iωτ
q2τ2
A0ρmuq (A.11)
E1δn+ βE2ρδT = A1ρeφ+ ∆1δn+ β∆2ρδT − i A1
q2τ
ρmuq (A.12)
8Here, we introduced the following shorthands
∆0 =
∫ ∞
0
d(−∂f)D (A.13)
∆1 =
∫ ∞
0
d(−∂f)(− µ)D (A.14)
∆2 =
∫ ∞
0
d(−∂f)(− µ)2D (A.15)
where
D−1 =
√
(1− iωτ)2 + q2τ2 2
m
(A.16)
For a quadratic dispersion the energy integrals can be performed explicitly,
In = −β−nLin(1− eβEF ) (A.17)
A0 = I0 − (1− iωτ)∆0 (A.18)
A1 = I1 − I0µ− (1− iωτ)∆1 (A.19)
E1 = I1 − I0µ (A.20)
E2 = I2 − 2µI1 + I0µ2 (A.21)
We expand ∆i up to O(q6) and Ii to order O(β), which corresponds to a number of i+ 1 terms in Ii. Finally, the
susceptibility is given by δn = −Πeφ, where δn fulfills the continuity equation δn + qu = 0. In contrast to low
temperatures, νδµ 6= δn. This yields Eq. (5) of the main text.
Expanding in βω  1, we make use of the Thomas-Fermi screening wavevectors κi to rewrite the drag formula,
Eq. (4)
ρD
ρQ
=
κ1κ2
4n1n2β
∫
dω
∫ ∞
0
dqq3
ω2
Im Π¯−11 Im Π¯
−1
2∣∣∣sinh(qd)κ1κ2q − eqd(κ2Π¯−11 + κ1Π¯−12 ) + eqdqΠ¯−11 Π¯−12 ∣∣∣2 , (A.22)
In the denominator, the first term is subleading for κd→ 0 and can be dropped. It is then a the cutoff scale which
determines which of the remaining terms become dominant. Crucially, it can happen that the second term, while
formally subleading, acts as a regulator for the phase space integral. In this case, in the clean limit the interlayer
susceptibility can acquire a resonance mismatch where the numerator is zero at the zeros of the denominator. For
example, in the limit that Im Π−12 /Im Π
−1
1 → 0, the drag will vanish unless the denominator factorizes and provides a
Lorentz peak that renders the integral finite. And indeed, in the semiquantum case the denominator factorizes, but for
a degenerate electron liquid it does not. Therefore, the latter case requires a self-consistent evaluation of the drag
formula.
Semiquantum Coulomb liquid
The dimensionless susceptibilities are
Π¯−11 =
m1ω
2
EF q2
− 1
EFβ
2− 3iωτ
1− iωτ (A.23)
Π¯−12 =
ω2 − ω2q
v2sq
2
+
iωδ
v2sq
2
. (A.24)
Since EFβ  1, this simplifies to
ρD
ρQ
=
κ1κ2
4n1n2β
∫
dω
∫ ∞
0
qdq
EFβv2s
τδ
1 + ω2τ2
∣∣∣∣ 1EFβ 2− 3iωτ1− iωτ
∣∣∣∣−2
∣∣∣∣∣−κ2 + q
(
ω2 − ω2q
v2sq
2
+
iωδ
v2sq
2
)∣∣∣∣∣
−2
(A.25)
9For small δ the frequency integral is dominated by the Lorentz peak in the last term, which yields
=
pi
4
κ1κ2EF
n1n2v2s
∫ ∞
0
dq
τ
(1 + ω2qτ
2)
qτ
4 + 9τ2(κ2 + q)2ω2q/q
2
ω2q
(κ2 + q)2
. (A.26)
We can safely neglect the screening wavevector in the denominators, because the integral is dominated by the behavior
at large momenta. The q integral is cut once ωq reaches the frequency cutoff, at which point the integration no longer
reaches the location of the poles. Introducing the short distance cutoff scale λ, we arrive at Eq. (7).
Degenerate Coulomb liquid
For the degenerate Coulomb liquid, the susceptibility was calculated by Chen et al. [19]
Π¯−11 =
mω2
EF q2
− 2− 3iωτ
2(1− iωτ) ≈
mω2
EF q2
− 1 + iωτ
2(1 + ω2τ2)
(A.27)
The denominator in Eq. (A.22) can be written more explicitly with real and imaginary parts of the inverse susceptbilities
Π¯−1n = Rn + iIn as
(κ2R1 + κ1R2− qR1R2)2 + I21 (κ2 − qR2)2 + 2κ1κ2I1I2 + I22 (κ1 − qR1)2 + q2I21I22 . (A.28)
If the dissipative processes in the second layer are slow it suffices to keep the linear term in I2 in Eq. (A.28). Since it
only has minor impact numerically, we also leave out higher powers in I1, to obtain for the denominator
m2
q2ω4qE
2
F
(ω2 − ω2+)2(ω2 − ω2−)2 +
κ1κ2τ
ω2q (1 + ω
2τ2)
ω2δ (A.29)
with the roots given by
2qω2± = q
2(q + κ1)
EF
m
+ ω2q (q + κ2)∓
√
(q2(q + κ1)
EF
m
+ ω2q (q + κ2))
2 − 4q3ω2q (q + κ1 + κ2)
EF
m
. (A.30)
We use the approximation that for small δ∫
dω
f(ω)δ
(ω2 − ω2+)2(ω2 − ω2−)2 +A(ω)2ω2δ
≈ pi
2
√
δ
|ω2+ − ω2−|
(
f(ω+)
A(ω+)ω2+
+
f(ω−)
A(ω−)ω2−
)
, (A.31)
where the smooth ω dependences are kept only through the replacement ω → ω±. The drag is then
ρD
ρQ
=
pi
16
√
κ1κ2EF
n1n2βm1
∫ ∞
0
dqq4ωq
√
τδ
|ω2+ − ω2−|
 1√
1 + ω2+τ
2ω2+
+
1√
1 + ω2−τ2ω2−
 . (A.32)
This expression does not contain further easy simplifications unless the parameter regime is severely restricted.
Anticipating that the important contributions come from the cutoff region, one can set κ1 = κ2 = 0 in the denominators.
Keeping in line with the desired temperature range ED < T < EF , we further assume that v
2
s  EF /m1. This only
leaves
ρD
ρQ
=
pi
16
√
κ1κ2m1
n1n2βEF
∫ ∞
0
dq
√
τδvsq√
1 + q2τ2EF /m
, (A.33)
which immediately yields Eq. (10) when using the large momentum cutoff q ∼ 1/λ. We note that the more complete
expression [Eq. (A.22)] leads to the same self-consistent solution described in the main text, only with more involved
coefficients.
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Connection to the ohmic limit
For the lowest temperatures, the inverse dimensionless susceptibility becomes [18]
Π¯−11 =
(
1− ω√
ω2 − v2q2
)−1
(A.34)
To make the scaling easier we only keep the cutoff in ω and refrain from integrating the sinh explicitly. This only
changes the coefficients of the result. Additionally, we set κ1 = κ2 = κ. As before, the drag integral has several cutoffs,
but in any case |ω| < 1/β and q < 1/d. The crossover between various intermediate regimes is governed by other
cutoffs if they are stricter than the global ones. We note that at lowest T , the Debye frequency is not important. But
the three terms in the denominator have sizes dκ2, κ and q. The first term is thus dominant if κd > min(1, q/κ) = 1.
This is the far limit, drag is hydrodynamic and proportional to the phonon scattering rate δ.
ρD
ρQ
∼ δ
βd2
min(1/d, 1/vsβ) (A.35)
The layers have little influence on each other and drag vanishes in the clean limit. If κd < 1, one can neglect the static
term in the denominator,
ρD
ρQ
=
κ1κ2
4n1n2β
∫
dω
∫ ∞
0
dqq3
ω2
Im Π¯−11 Im Π¯
−1
2∣∣−κ(Π¯−11 + Π¯−12 ) + qΠ¯−11 Π¯−12 ∣∣2 . (A.36)
This limit is the natural limit at low density, where the screening length diverges. Let us concentrate on the instances
where δ is eliminated from the result. Roughly speaking, this happens either if |Π¯−11 |  |Π¯−12 |, or if κ q. In the first
case
ρD
ρQ
=
κ1κ2
4n1n2β
∫
dω
∫ ∞
0
dqq3
ω2
Im Π¯−11 Im Π¯
−1
2
|Π¯2|−2
∣∣qΠ¯−11 − κ∣∣2 . (A.37)
For κ q, this yields the result reported before
ρD
ρQ
∼ 1
β
min(1/d, 1/vsβ)
3. (A.38)
which requires a Wigner crystal with a small susceptibility (e.g. due to being pinned). If however κ q the result
becomes
ρD
ρQ
=
κ1κ2
4n1n2β
∫
dω
∫ ∞
0
dqq3
ω2
Im Π¯−11 Im Π¯
−1
2∣∣qΠ¯−11 Π¯−12 ∣∣2 , (A.39)
which integrates to
ρD
ρQ
∼ 1
β
min(1/d, 1/vsβ) (A.40)
This is the usual momentum loss due to soft phonons.
Resonance and off-resonance
When the poles in the interlayer susceptibility are off resonance, two scenarios can occur. To see this, we compare
terms of size δ and δ2 in the denominator. At low temperatures, the linear term is more important if
κ2I1I2 > I
2
2 (κ− qR1)2 + q2I21I22 (A.41)
δ >
κ2I1v
2
sq
2
ω((κ− qR1)2 + q2I22 )
(A.42)
δ >
q
ω
(A.43)
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This condition is violated in many places in the q−ω plane, even though it marginally holds at the poles of the phonon
propagator. What this means is just that terms of order δ to leading order are not entering in the calculation.
These low temperature regimes are inapplicable if the electron lifetime is ceases to be much larger than the
temperature, τω ∼ 1. In this case, the susceptibility is approximately
Π¯−11 =
mω2
EF q2
− 1 + iωτ
2(1 + ω2τ2)
(A.44)
We once again compare terms of size δ and δ2 in the denominator:
κ2I1I2 > I2(κ− qR1)2 + q2I21I22 (A.45)
δ >
κ2I1v
2
sq
2
ω((κ− qR1)2 + q2I22 )
(A.46)
δ >
1
1 + ω2τ2
(A.47)
This condition will also become true around the upper cutoff of the integration. This means that a calculation using
δ2 terms receives an additional cutoff which reintroduces the δ in the calculation. Alternatively, one can say, that an
expansion of the drag in κ results in a divergent integrand which needs a regulator. From yet another angle, one can
say that at low temperatures, the imaginary part of the susceptibility is just the Landau damping term, which is of
order 1, while at higher temperatures it is ωτ/(1 + ω2τ2) which peaks at
√
τ , making it unrestricted. This enhances
the mixed term and favors it over the higher order terms. The liquid is too far into the dissipative regime to adequately
respond to the resonance. Since both fluids are out of sync, the phonons are getting scattered as well, which makes δ
an instrinsic quantity and introduces the feedback between the layers.
Comment on the semiclassical limit in 2D
We briefly comment on the absence of a proper classical limit for the scattering cross section of a 2DEG. This
reinforces the insight advocated for in the main text that it is worthwhile to search for the Planckian scattering regime
at temperatures above the Fermi energy. To this end, we are interested in the two-dimensional motion of an electron
with velocity v and energy E = mv2/2 subject to a Coulomb potential V (r) = Cr . Upon elastic scattering from a static
target the classical scattering angle θ is given by
tan
θ
2
=
b0
b
, (A.48)
where b is the impact parameter and b0 = C/2E is the length scale associated with a large scattering angle. The
two-dimensional (differential) cross section is defined as
dσ
dΩ
=
∣∣∣∣db(θ)dθ
∣∣∣∣ . (A.49)
This leads to a cross section of [38]
dσ2d,c
dΩ
=
b0
2 sin2 θ2
. (A.50)
For a density of scatterers n, a rough estimate for the scattering rate is [39]
1
τ2d
=
nv
2
∫ ∞
0
sin2 θ(b)db (A.51)
= nvb0
∫ ∞
0
2x2
(1 + x2)2
dx (A.52)
=
pi
2
nvb0. (A.53)
This relation follows from the assumption of elastic scattering. The initial velocity v is parallel to the coordinate axis
and v⊥ = 0. Therefore for a single particle trajectory it holds
(∆v⊥)2 = v2 sin2 θ. (A.54)
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Integration over all incoming particles leads to
d〈(∆v⊥)2〉
dt
= nv
∫
(∆v⊥)2db. (A.55)
For elastic scattering energy conservation implies
(v + ∆v||)2 + (∆v⊥)2 = v2|| (A.56)
2v(∆v||) + (∆v⊥)2 + (∆v||)2 = 0, (A.57)
therefore v(∆v||) ∼ (∆v⊥)2 and to leading order
−1
v
d〈∆v||〉
dt
=
1
2v2
d〈(∆v⊥)2〉
dt
=
1
τ2d
. (A.58)
By definition, for a classical calculation the length scale b0 cannot become smaller than the de Broglie wavelength
λB = ~/mv. This limitation acts as a high energy cutoff, which is not logarithmically weak, as it is the case for 3D,
but multiplicative. It is important to keep in mind that additionally, in 2d there is a second and unrelated effect
besides this IR cutoff: The solution of Schro¨dinger’s equation for Coulomb scattering changes the scattering cross
section itself, yielding [38]
dσ2d,q
dΩ
=
dσ2d,c
dΩ
tanh
piC
~v
. (A.59)
With increasing temperature and thus increasing velocity v these reentrant quantum effects b0  λB (i. e. C  ~v)
invalidate the classical limit.
To reiterate, we do not enter this regime in the main text by restricting the entire discussion to a strongly correlated
system with a small quasiparticle lifetime, which is quintessentially different from the high-temperature limit. In this
case, a new type of hydrodynamic regime can be reached where momentum dissipation is governed by the timescale of
microscopic, momentum conserving processes.
